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Abstract
A simple model to study boson stars is to consider these stellar objects as quantum systems of N
identical self-gravitating particles within a non-relativistic framework. Some results obtained with
point-like particles are recalled as well as the validity limits of this model. Approximate analytical
calculations are performed using envelope theory for a truncated Coulomb-like potential simulating
a particle size. If the boson mass is sufficiently small, the description of small mass boson stars is
possible within non-relativistic formalism. The mass and radius of these stellar objects are strongly
dependent on the value of the truncation parameter.
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I. INTRODUCTION
A boson star is a stellar object made of bosons, contrary to conventional stars which are
formed of fermions [1]. At present, there is no experimental evidence that such a star exists.
However, a pair of co-orbiting boson stars could be detected by their emission of gravitational
radiation [2]. The framework of general relativity is certainly the best one to study such
a hypothetical object [1, 3], but interesting results can be obtained in a simpler model,
in which the boson star is considered as a quantum system of N identical self-gravitating
particles within a non-relativistic framework [1]. The corresponding Hamiltonian is then
H =
N∑
i=1
p2i
2m
−
N∑
i<j=2
Gm2
|ri − rj| , (1.1)
where m is the mass of the boson and G is the gravitational constant. Approximate solutions
for Hamiltonian (1.1) have already been computed [1, 4]. In this paper, these results are
recalled and commented on, and the effect of a possible size for the boson is studied. In
order to simulate such a phenomenon, the usual interaction can be replaced by a truncated
Coulomb-like potential
HT =
N∑
i=1
p2i
2m
−
N∑
i<j=2
Gm2
|ri − rj|+ b, (1.2)
where b is linked to the size of the bosons. In a hard sphere picture, b is the diameter
of the particle and r is the distance between their surfaces. This potential, which avoids
singularity at r = 0, is widely used in several domains of physics [5, 6]. The boson size could
be due to the compound nature of the boson or to the existence of a natural minimal length.
More modestly, this size can be considered as a means to simulate unknown effects aimed
at reducing the singularity of the gravitational interaction.
The technique to solve N -body systems is presented in Section II. The results obtained
for the Hamiltonian (1.1) are recalled in Section III. The results obtained for the truncated
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Coulomb-like potential (1.2) are computed in Section IV. Finally, some concluding remarks
are given in Section V with possible extensions. In this paper, a space with D dimensions
is considered, assuming that the gravitational interaction is always given by a (truncated)
Coulomb-like potential.
II. ENVELOPE THEORY
Among the various techniques aimed at solving the quantum problem of N -body systems,
envelope theory (ET), which was developed several years ago, is particularly interesting. It
is quite easy to implement and can yield upper or lower bounds [7, 8]. The idea is to find a
known envelope potential and/or a known envelope kinetic part for the Hamiltonian under
consideration. This procedure has been rediscovered and extended in another way under the
name of ‘auxiliary field method’ [9]. A practical form for the equations of ET is given in [10]
for quite general Hamiltonians. It has been checked that ET can give reasonable accuracy
for the upper or lower bounds of various systems [11].
Let us consider a general Hamiltonian, in a D dimensional space (D ≥ 2), for N identical
particles
H =
N∑
i=1
T (|pi|) +
N∑
i=1
U (|ri −R|) +
N∑
i<j=2
V (|ri − rj|) . (2.1)
T is a kinetic energy, U a one-body interaction, V a two-body potential and R = 1
N
∑N
i=1 ri
is the centre of mass position. In the framework of ET, an approximate eigenvalue E is given
by the following set of equations for a completely (anti)symmetrised state and the centre of
mass motion removed (
∑N
i=1 pi = 0) [10]
E = N T (p0) +N U
(r0
N
)
+ CN V
(
r0√
CN
)
, (2.2)
r0 p0 = Q, (2.3)
N p0 T
′(p0) = r0 U ′
(r0
N
)
+
√
CN r0 V
′
(
r0√
CN
)
, (2.4)
where W ′(x) = dW/dx, CN = N(N − 1)/2 is the number of particle pairs.
Q =
N−1∑
i=1
(φni + li) + (N − 1)D + φ− 2
2
(2.5)
is a global quantum number. Following the forms of T , U and V , the approximate value E
can have a variational character [10]. The method is easy to implement since the solution
can be obtained simply through a transcendental equation. In the original method, φ = 2,
which corresponds to the global quantum number of N −1 identical harmonic oscillators. It
has been shown that allowing variations of φ can improve the accuracy of the approximate
eigenvalues [11]. An estimation of a relevant value for φ can actually be computed by
comparing ET with the dominantly orbital state method [12]. This idea was inspired by
3
[13], in which a universal effective quantum number for centrally symmetric 2-body systems
is proposed.
Using the following relations [12],
p20 =
1
N
〈
N∑
i=1
p2i
〉
, (2.6)
r20 = N
〈
N∑
i=1
(ri −R)2
〉
=
〈
N∑
i<j=2
(ri − rj)2
〉
, (2.7)
it is easy to compute the mean values of the momentum p∗ of a particle, of the radius R∗ of
the system and of its mass M∗:
p∗ = p0, R∗ =
r0
N
, M∗ = Nm+ E. (2.8)
In the following, only the ground state will be considered, that is to say Q = (N − 1)(D +
φ− 2)/2.
III. POINT-LIKE PARTICLES
The ground state solution of the ET equations for (1.1) is given by
r0 =
√
N − 1
2N
(D + φ− 2)2
Gm3
, (3.1)
E = −N
2(N − 1)
4
G2m5
(D + φ− 2)2 . (3.2)
With φ = 2, (3.2) is an upper bound. With φ = 1, the value given by the procedure of [12],
(3.2) is the exact result for N = 2 and a lower bound for N > 2 [11, 12]. The quality of
this last bound is similar to the ones obtained with other methods [1, 4]. For large values
of N , looking at the energy (E ∝ N3) and the radius (R∗ ∝ N−1) behaviours, it can be
expected that the non-relativistic model will break down if the number of particles increases
too much. In fact, three limits can be defined:
Momentum limit (ML) The mean speed of a boson inside the star must be much lower
than the speed of light. This is equivalent to p∗  m. So, it is possible to define a
number of particles NML, such that the last inequality can be written N  NML.
Energy limit (EL) The binding energy of the star E must be much lower than the rest
energy of the bosons, that is to say |E|  Nm. As for the previous point, a condition
N  NEL can be defined.
Radius limit (RL) The radius of the star R∗ must be much greater than the Schwarzschild
radius of the star RS = 2GM∗. If the energy limit is satisfied, this is equivalent to
R∗  2GNm > 2GM∗. Again, an equivalent condition N  NRL can be defined.
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It can be assumed that m mPl, where mPl = 1/
√
G = 1.2× 1019 GeV is the Planck mass.
Then, introducing the critical number,
Nc =
D + φ− 2
Gm2
= (D + φ− 2)m
2
Pl
m2
, (3.3)
it is easy to show that
NML ≈
√
2Nc, NEL ≈ 2Nc, NRL ≈ 2−3/4Nc. (3.4)
These three limiting numbers are essentially the same.
The boson star mass increases quasi-linearly with N , reaches a maximum, and then
undergoes a brutal collapse. The maximal mass for the boson star is
Mmax∗ ≈
4(D + φ− 2)
33/2
m2Pl
m
. (3.5)
This mass corresponds to N ≈ 2Nc/
√
3 and E ≈ −Mmax∗ /3. So the non-relativistic the-
ory breaks down before this maximum is reached. The number of protons in the Sun is
approximatively 1057. Nc reaches this value if m ≈ 0.5 eV (D = 3, φ = 1). In this case,
Mmax∗ ≈ 8× 1020 kg, which is around 10 000 times smaller than the Earth’s mass.
IV. FINITE SIZE EFFECTS
The computation of the ground state solution of the ET equations for (1.2) is more
involved, but the solution is still in a closed-form. Let us define
A =
(D + φ− 2)2
NGm3b
, (4.1)
x0 =
√
A(A+ 6)
3
F−
(
2A2 + 18A+ 27
2A1/2(A+ 6)3/2
)
+
A
3
(4.2)
where F±(Y ) is the only positive root of the cubic equation x3 ± 3x − 2Y = 0 with Y ≥ 0
[9].1 This gives
r0 =
√
N(N − 1)
2
b x0, (4.3)
E = −N(N − 1)
2
Gm2
b
x0 + 2
2(x0 + 1)2
. (4.4)
The procedure of [12] gives
φ =
√
x˜0 + 3
x˜0 + 1
, (4.5)
1 F±(Y ) =
(
Y +
√
Y 2 ± 1)1/3 ∓ (Y +√Y 2 ± 1)−1/3 for Y ≥ 1 and F−(Y ) = 2 cos ( 13 arccosY ) for Y < 1.
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where x˜0 is given by (4.2) in which A|φ=0 = (D−2)2/(NGm3b). For φ = 2, (4.4) is an upper
bound. For other values of φ, (4.4) has no defined variational character.
The radius and mass of the star are complicated functions of m and b. Numerical tests
show that boson star mass increases quasi-linearly with N , reaches a maximum, and then
undergoes a brutal collapse, as in the b = 0 case. The behaviour of the solutions is ruled by
the parameter A. For large N , such that
N  (D + φ− 2)2m
3
Pl
m3
lPl
b
, (4.6)
where lPl = 1/mPl is the Planck length,
r0 =
N2/3√
2
b2/3
G1/3m
(D + φ− 2)2/3 +O(N1/3), (4.7)
E = −N
2
2
Gm2
b
+O(N5/3). (4.8)
The convergence with N is quite slow. The last equations can be used provided b is larger
than the Compton wavelength 2pi/m of the boson. It can be noted that E ∝ N2 and
R∗ ∝ N−1/3, which is quite different from the b = 0 case. The limiting numbers are then
given by
NML ≈ 2
3/2b2
G(D + φ− 2) , NEL ≈
2b
Gm
, NRL ≈ b
1/2(D + φ− 2)1/2
29/8Gm3/2
. (4.9)
The situation is quite different from the non-truncated potential, but a link exists between
these numbers
NEL = 2
5/4N
1/3
MLN
2/3
RL . (4.10)
The maximal mass for the boson star is then
Mmax∗ ≈
1
2
bm2Pl. (4.11)
This mass, which is independent of m, is reached for N ≈ NEL/2. Again, the non-relativistic
theory is questionable close to this maximum. Taking m = 0.5 eV and b = 10/m (D = 3, φ
given by (4.5)), Mmax∗ ≈ 2.6×1021 kg with formula (4.11) and 4.1×1021 kg with formula (4.4).
It can be seen that the approximation (4.11) is reasonable in this case, and that the results
are quite different from the non-truncated potential.
V. CONCLUDING REMARKS
With the genuine non-relativistic gravitational potential or with the truncated version
simulating a boson size, the general non-relativistic behaviour of the boson star mass is the
same: It increases quasi-linearly with N , reaches a maximum, and then undergoes a brutal
collapse. Nevertheless, the characteristics of these stellar objects, mass and radius, can be
quite different following the value of the truncation parameter b. Though non-relativistic
6
formalism is questionable for such systems, there is still some room for small mass boson
stars (planetoids), if the boson mass is sufficiently small.
In order to partly take into account relativistic effects, the non-relativistic kinematics
p2/(2m) can be replaced by a relativistic one
√
p2 +m2 − m [1, 14]. This last operator
is well-defined, but the corresponding model is not covariant. For point-like particles, the
main effect is to lower the maximal boson star mass, but the collapse is still unavoidable
for a large number of particles. This case can be analytically treated by ET, but no closed-
form approximation can be obtained for the truncated Coulomb-like potential with semi-
relativistic kinematics. One has to resort to numerical studies of the system (2.2-2.4).
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